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Problem 1.
Let n > 100 be an integer. Ivan writes the numbers n,n+1,...,2n each on different cards. He then

shuffles these n + 1 cards, and divides them into two piles. Prove that at least one of the piles contains two
cards such that the sum of their numbers is a perfect square.

Solution.
We generalise this problem to the following question:

Generalization of the problem 1:
Let 7 € N such that r > 1, and n > 5—;24—% be an integer. Ivan writes the numbers n,n+1,...,2n each
on different cards. He then suffles these n+ 1 cards, and divides them into 2r piles. Prove that at least one
of the piles contains two cards such that the sum of their numbers is a perfect square.

Remark! that the problem 1 is just a special case when 7 = 1. And now we interess to solve this
generalisation.

To have two cards in one of the piles such that the sum of their numers is a perfect square, it’s suffisant
to prove that there exist 4+ 1 cards such that the sum of every pair of them is a perfect square.

1. In this case (r=1), we have 23r2 + 19r + 3 = 45 < 100.
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Let x1,..., 22,41 €N, and ay,...,as,+1 € [n, 2n] satisfy the following system of equations:
a1+ay = x%
az+az = :L’%
2
a27‘+a27‘+1 = Tap
2
Q2r+1+ a1 = T2pyq1

To conclude, it suffise to prove that this system of equations has a solution (with some conditions about
x1,...,Z,), Where the inconnues are (as,...,a,41) € [n,2n]? 1.

We have
r+1

Z a1—|—a2 le—Zack
cyc

Notice
T2r4+2=T1, L2r4+3=T2y -+, T4pr42=T2r+1
and
A2r4+2=01,A2p4+3=0Q2y ..., A4p42 = A2r 41
We have for all [ € [0, 7]
2r+1 r—1
k —
E (=1)*(ak41+ arti41) = E [(agk+i42+ a2kt143) — (a2kti42+ G2rt141)] — (G2r 4141+ G2r4241)
k=1 k=0
r—1
= g [a2kt143— a2ky141] — (Q2rq141+ a2r241)
k=0
r—1
= E [a2(k+1) 4141 — G2k +1+1] — (@2r 141+ A2r241)
k=0

a2r 4141 — Gl+1— (Q2r4141+ Q2ry241)

—Q2r 4241 — Q141

—2a;41
So for all [ € [0, 7]
27‘+1 2r+1
2
U+1=5 Z Yapyi+aryio) = 3 Z g
By translation, we can conclude that for all j € [1,7+1]
2T+1 2r+1
aj= 22 Yapqj—1+ary;) = QZ :ckﬂ,l
2l
We try to find (21, 22,...,22,41) €N, satisfy - - (=1)k=123, ;1 €[n,2n], for all j €[1,r+ 1], where
k=1
T2r4+2=T1, XL2r4+3=T2y -, T4p+4+2=T2r+1
12r+1
To minimise the value of 5 (—1)k’1:r%+j,1, for all j € [1,r+ 1], it’s normal to consider x1, za, ...,
k=1

Tor41 be secussives.
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And because of the alternative sum, and to simplify the calcul, we consider o € N*, such that for all

jell,2r+1]

We have for all j €[1,2r +1]

rj=a+j—r

2T+1
R k 1 o —
a; = QZ (a+k+j—r—1)>
2r+1
- 22 Yrla?+2(k+j—r—a+(k+j—r—1)2)
12r—i—1 2r+1 127‘+1
- <§Z(_1)k1>a2+<2(—1)k1(k+j—r—1)>a+52(—1)k1(k+j—r—1)2
k=1 k=1 k=1
1 2r+1 12r+1
- §a2+<Z(—1)k—1(k+j—r—1)>a+52(—1)k—1(k+j—r—1)2
k=1 k=1
Were
2r+1 2r+1 2r+1
ST kA1) = S (DF R (o= 1) Y (<1
= > Rk—@k—1)]+j—r—1+(2r+1)
k=1
= (Zl)—i—j—i—r
k=1
= 2r+j
And
12r+1 2T+1
- _1\k—-1 e 1)2 — k12 e e 1)2
2k:1( DMkt j—r—1) 22 (K +2k(j—r—1)+(j —r—1)?)
2r+1 2r+1 (] o 1>22r+1
= 22 e R e D I G e R D G VA
k=1 k=1
- Z (k) — 2k =102+ (j—r — )4+ =70 o1
2 2
. j—r —1)2
= 5;[416—1]+(]—T—1)r+%+(2r+1)
=1
. _1\2
= r(r—l—l)—%—k(]—r—l)r—l-(j ’”2 D” 4 24 1)
. 92 9 42 3
P
So
92  9r 3
o 2 ar 2
a; a+(2r+y)+2+2+2+2 J

| = o=

(v —1)

9r2  13r

(2T+]+1)(a—1)+—+—+ +2

2 2 2
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Now, we interess to find the maximum and the minimum value of a1,...,as,+1. For that, we consider
the function f: R — R definie as
1, 9% 9r 2?3
VzeR, f(z) = 3¢ +(2r+w)a+7+7+7+5 x
x? 1, 92 9r 3

= 74‘(04— 1)$+§Oé +2T0¢+T+7+§

We have
2
Ar=(a— 1)2—2<%a2+2ra+9%+%+%>=—4a(1+T) —9r9—9r—-2<0
And
lim f(x)=+o0

xr— 400

So fis increasing on R.

Specifically
min aj=a; and max aj;=az 41
1<j<2r+1 1<j<2r+1
With
1, 92 9r
a =g —|—(2r—|—1)o¢—|—7—|—7—|—1
And
2
a2r+1:%a2+(4r+1)a+132T +%+1

The problem become to find o € N, such that a; > n and ag,41 <2n, so

2
la2—i-(2r—|—1)a—|—QL—i—%—i-l > n
2 2 2

2
e e+ B Iy <oy
2 2 2

So because of a >0, we have :

a > —(2r+1)++/2n—5r2—5r —1
a < —(@r+1)+4dn+3r2—r—1

To have an integer between r —|—%—|— V/2n —5r2 —5r — 1 and 2r —i—%—i— V2n+3r? —r —1, it suffisant that

(—(4r—|—1)+ 4n+3r2—r—1)—(—(2r+1)+\/2n—5r2—5r—1)21

So

VAn+3r2 —r —1 —/2n =52 —5r —1-2r —1>0

We consider the function A: R — R definie as :

5r2  5r
>20 42
Va > 5 + 5

h(z)=\A4z+3r?—r—1—+/20 —5r2—5r —1—2r —1
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The function h is derivable over the in‘cerval]g?"2 "‘%7" —|—é, —|—oo[. And for all z € ]%‘2 —|—gr —|—%, —|—oo[ we
have

2 1
Viz+3r2—1 -1 2z 52 —br—1
2/2x =512 —5r —1 —+\/dx +3r2 —r — 1
V(2z+3r2—r—1)(2z —5r2—5r — 1)
4(2x —5r? —b5r — 1) — (dz+3r2 —r —1)
2v2x —5r2 —5r — 1V4x +3r2 —r —1(2vV22 —5r> —=br —1+V4z +3r2 —r —1)
4 —23r2 —19r — 3

V@Rr+3r2—r—1)2z —5r2—5r —1) (V22 —5r2=5r —1+V2z +3r2—r—1)
< 0

h(z) =

Therefore is increasing on [23r% + 197 + 3, o0

We have

R(23r2+19r+3) = V4232 +19r+3)+3r> —r —1 — /2(23r2+19r+3) = 5r2 —5r — 1 —2r — 1
= V9512 + T5r + 11 — /4172 +33r+5—2r — 1
> 0 (1)

(1) : By simple study of the function r+— /9512 4+ 75r +11 — \/41r2+33r +5 — 2r — 1, we can show
the positivity of h(23r%+19r + 3)
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Figure 1. The graph of the function r — \/951’2 + 75r +11 — \/41r2 +33r+5—-2r—1
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So for all n > 23r2 4+ 19r + 3, we have

(—(4r+1)+\/4n+3r2—r—1)—(—(2r+1)+\/2n—5r2—5r—1)>1

The problem is completly solved.

\Y%

Now, to go so far and make this problem more difficult, we offer some following challenges:

Some challenges

Challenge 1:

*x Let 7 >1, be an integer, find the minimum integer f(r) such that for all n > f(r), if we write the
numbers n,n+1,...,2n each on different cards. And we then shuffle these n + 1 cards, and divides them
into two piles. we have r cards in one of the piles such that the sum of their numbers is a perfect square.

Challenge 2:

* Let , 8> 1, be two integers, find the minimum integer g(r,s) such that for all n> g(r, s), if we write
the numbers n,n+1,...,n+ s each on different cards. And we then shuffle these s+ 1 cards, and divides
them into two piles. we have r cards in one of the piles such that the sum of their numbers is a perfect square.

Challenge 3:

* Let r,s,t,v,w > 1, be five integers, find the minimum integer h(r, s, ¢,v,w) such that for all n > h(r,
s,t,v,w), if we write the numbers n,n+1,...,n+ s each on different cards. And we then shuffle these s+ 1
cards, and divides them into ¢ piles. we have v cards in one of the piles such that the sum of their numbers
is a perfect power w.
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